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Why bother ?
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Figure 1: Different levels of Euclideanity
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"Simple” problems

How many 4-cycles must a graph with edge density at least 1/2 have?

d(H,G) = #copiesoFHinG.
(#,6) (:e)

* d(Cs,G) : edge density

e d(Cy4,G) : 4-cycles density

Cy

d(C,G)=3/(§) =3/15

* Minimize d(C4, G) over all finite graphs G with d(Cy, G) = 1/2.
» Minimize x® — 6x over all rational numbers x satisfying x > 0.



Graph limit and graphon: intuition

Graph Adjacency Matrix Pixel Picture
. 0101
2 R S
o_ 0101
1010

Images from [Glasscock, 2015]
Graph limits were introduced by [Lovasz and Szegedy, 2006]
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Labelling of the nodes gets in the way

Image from [Orbanz and Roy, 2014]
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Graph limit and graphon: definition

 Graphon [Lovész and Szegedy, 2006]:

W :[0,1]%2 — [0,1] Lebesque-measurable

e Cut-norm:

6a(W,U) :=inf  sup
»Y STCl01]
measurable

W (x, y) - U’(x, y)dxdy',
SXT

@, measure preserving transformations of [0,1].

’ Space of graphons equipped with &5 is compact

 Graph limit: equivalence class

(W] = {an (%) - Wp(x), () | ¢ an invertible, measure

preserving transformation of [0,1]

|



Convergence "in parameters”

Finitely forcible graphons: [Lovadsz and Szegedy, 2011]
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Convergence "in parameters”

Homomorphism densities: F = (V, E) a simple finite graph, W a graphon

t(F, W) = ./[01]VI n W(x,-,xj)l—[dx,-

ijeEFr ieV

~ Expected density of Fin W

W, - W & t(F,W,) — t(F,W) for all simple graphs F

Finitely forcible graphons: [Lovadsz and Szegedy, 2011]
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When we consider networks, what is the sample size ?

Number of nodes

10



We consider exchangeable simple graphs

Figure 2: Graph generated from a stochastic block model with 3 groups. Relabelling the nodes
hides the structure in the adjacency matrix.

(Aij) £ (Ao(o(j)) For all Finite permutations o.




Exchangeability gives us representation

From Aldous-Hoover theorem:

U; iud Uniform[O0, 1]
Aij|Ui, Uj iid Bernoulli (W(Ul, U])) fori < Js

where W : [0,1]2 — [0, 1] is symmetric, measurable — graphon.
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Exchangeability gives us representation

From Aldous-Hoover theorem:

U; iud Uniform[O0, 1]
Aij|Ui, Uj iid Bernoulli (W(Ul, U])) fori < Js

where W : [0,1]2 — [0, 1] is symmetric, measurable — graphon.

’All exchangeable graphs come from a graphon.
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How to generate a graph given a graphon

Figure 3: Sampling procedure for node exchangeable graphs. Image from [Orbanz and Roy, 2014].
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Example of graphons for common graph models

Erdos-Renyi

Stochastic Block Model
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"Vanilla” graphons cannot generate sparse graphs

Basic graphon theory only covers dense graphs:

If |Eg,| = o(n®)(i.e., sparse), then G, — empty graph.
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"Vanilla” graphons cannot generate sparse graphs

Basic graphon theory only covers dense graphs:

If |Eg,| = o(n®)(i.e., sparse), then G, — empty graph.

solution

]
Scaled graphon [Bickel and Chen, 2009]

Aij|U;, U; " Bernoulli (pnf(ULU;j)) FforO0<i<j<n,

where f: [0,1]% — R with ff[o’lpf(x, y)dxdy = 1.
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3. Estimation

Estimation

16



Step Function approximation

| Step function on [0, 1]?> — Stochastic Block model |
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How can we estimate graphons ? (network histogram)
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Figure 4: The 2 steps in graphon estimation using network histogram [Olhede et al., 2014].
Group sizes are computed from the data.



How can we estimate graphons ? (method of moments)
Method of moments: compare theoretical and empirical homomorphism densities of a

set of finite simple graphs to find parameters of SBM.

t(F,Wp) = t(F,W,) VF = W;, W, parametrize the same random graph.

Figure 5: On the left k-I-wheel (k = 3, = 4) used in [Bickel et al., 2011], on the right cycle used in
ours.

19



4. Summary

Summary
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OK, so what was this talk about?

Three POVs on graphons

¢ Generative models
« Limits of convergent graph sequences

» Objects identifying fFamily of structurally similar graphs (hom. densities)
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OK, so what was this talk about?

Three POVs on graphons

¢ Generative models
« Limits of convergent graph sequences

» Objects identifying fFamily of structurally similar graphs (hom. densities)
General summary

» Graphons — closure of space of exchangeable finite simple graphs
e Graphons < exchangeable graphs

« Mostly theoretical (e.g., used to study properties of GNN
[Keriven et al., 2020, Ruiz et al., 2021b, Ruiz et al., 2021a])
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Homomorphism definition

Homomorphisms are adjacency preserving maps from motif F = (V’, E’) into graph
G=(V,E)
B : V' — Vsuchthat (i, j) € E' implies (8(i), 5(j)) € E

hom(F, G) represent the number of homomorphisms between motif F and graph G.

{(F.G) = hom(nlj", G)

n



Dense and sparse

Dense IE (9]
gm)l _
IV (gm)I? o
Sparse E ()|
E(gm B
PR

sparse = ff[o 1w (x y)dxdy =0 = w(x, y) = 0ae.



Network Histogram

z= argmaxz {Aij log Az, + (1 - Ajj) log (1 —Az,-zj)}

zeZk <

where forall 1 < a,b < k they define the histogram bin heights

o Zicj Al =yl (z o)
Agb =

5

Zi<j 1{2i:(1}1{2;:b}

where A an be seen as the estimated connection matrix of the block model conditional
on the assignment vector z
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